
M achine Failur es in E ®ective P r ocess T ime

N otation

X = n a t u r a l p r o c e s s t im e ( i.e ., wit h o u t fa ilu r e s ) , E[X] = t0,
V ar ( X ) = ¾2

0

Ui = d u r a t io n o f ith fa ilu r e d u r in g X
N = n u m b e r o f fa ilu r e s d u r in g X
T = X +

PN
i=1 Ui = e ®e c t ive p r o c e s s t im e

mf = m e a n t im e t o fa ilu r e ( a s s u m e d e xp o n e n t ia l)
mr = m e a n t im e t o r e p a ir ( g e n e r a l d is t r ib u t io n ) , E[Ui] = mr,

V ar ( Ui ) = ¾2
r

A = mf=( mf + mr ) = a va ila b ilit y
cr = ¾r=mr, r e p a ir t im e CV

P r eliminar ies

S in c e

V ar ( Ui ) = E[U2
i ] ¡ E[Ui]

2

¾2
r = E[U2

i ] ¡ m2
r

we h a ve
E[U2

i ] = ¾2
r + m2

r

A ls o , n o t e t h a t

E[UiUj ] = E[E[UiUj ]jUi] = E[mrUj] = m2
r; i 6= j

A n d , s in c e t im e t o fa ilu r e is a s s u m e d P o is s o n

E[N ] = X=mf

V ar ( N ) = X=mf

Fin a lly, we will n e e d t h a t

E[N ( N ¡ 1 ) jX] = E[N2 ¡ N jX]

= V ar ( N jX ) + E[N jX]2 ¡ E[N jX]

=
X

mf
+

X2

m2
f

¡ X

mf

=
X2

m2
f

1



Calculations

E[T ] = EX [EN [E[T jN; X]]] = EX [EN [E[X +
NX

i=1

Ui]]jX]

= EX [EN [X + Nmr]jX]

= EX [X +
X

mf
mr]

= t0 ( 1 +
mr

mf

)

= t0 (
mf + mr

mf
)

=
t0
A

E[T 2] = EX [EN [E[T 2jN; X]]]

= EX [EN [E[( X +
NX

i=1

Ui )
2]]jX]

= EX [EN [E[X2 +
NX

i=1

U2
i +

X

i 6=j

UiUj + 2
NX

i=1

XUi]]jX]

= EX [EN [X2 + NE[U2
i ] + N ( N ¡ 1 ) m2

r + 2 NXmr]jX]

= EX [EN [[X2 + N ( m2
r + ¾2

r ) + N ( N ¡ 1 ) m2
r + 2 NXmr]jX]

= EX [X2 +
X

mf
( m2

r + ¾2
r ) +

X2

m2
f

m2
r + 2

X2

m2
f

mr]

= EX [X2 ( 1 +
m2

r

m2
f

+ 2
mr

mf
) + X (

m2
r

mf
+

¾2
r

mf
) ]

= EX [X2 ( 1 +
mr

mf
) 2 +

X

mf
( m2

r + ¾2
r ) ]

=
E[X2]

A2
+

E[X]

mf

( m2
r + ¾2

r ) ]

=
( ¾2

0 + t20 )

A2
+

t0
mf

( m2
r + ¾2

r ) ]
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V ar ( T ) = E[T 2] ¡ E[T ]2

=
¾2

0 + t20
A2

+
t0
mf

( m2
r + ¾2

r ) ¡
t20
A2

=
¾2

0

A2
+

t0
mf

( m2
r + ¾2

r )

c2
e =

V ar ( T )

E[T ]2

=
( ¾2

0=A
2 ) + ( t0=mf ) ( m

2
r + ¾2

r )

t20=A2

=
¾2

0

t20
+

A2 ( m2
r + ¾2

r )

mf t0

= c2
0 +

A2¾2
r

mf t0
+

A2m2
r

mf t0

= c2
0 +

A( mf=( mf + mr ) ) c
2
rm

2
r

mf t0
+ (

mf

mf + mr
) (

mr

mf + mr
)
mr

t0

= c2
0 + A( 1 ¡ A)

mr

t0
c2
r + A( 1 ¡ A)

mr

t0

= c2
0 + ( 1 + c2

r ) A( 1 ¡ A)
mr

t0

If r e p a ir t im e s a r e e xp o n e n t ia l, t h e n cr = 1 , s o we g e t

c2
e = c2

0 + 2 A( 1 ¡ A)
mr

t0
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